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Topological singularities of domains in globally constrained bistable reaction-diffusion systems
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A general (nonvariationagl globally constrained reaction-diffusion equati@CRDE with bistability is
employed for studying the dynamics of two-dimensional non-single-connected domains: circular spots of one
phase with inclusions of another phase. In the sharp-interface approximation, the dynamics is describable by a
set of coupled ordinary differential equations which have a universal form. It is shown that domains with a
single inclusion always develop topological singularity in a finite time: the inclusion either shrinks to zero, or
breaks out. The results are supported by numerical simulations with the full GCRDE.
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Bistable reaction-diffusion systems with global con- The problem is defined on a finite planar dom&inthe area
straints are probably the simplest continuous systems shovef which is S. Equation(2), introduced in Ref[5], general-
ing two-phase segregation, coexistefit®], and coarsening izes a number of previously employed global constraints
[3-5], and they have appeared in various applicati@sc- (such as constant voltage, constant average temperature,
trothermal domains in semiconductors, metals, and supemass conservation, etc.Complemented with initial and
conductorg 6], thermal contraction in weakly ionized plas- boundary conditions, Eq$l) and (2) represent a closed set.
mas [7], bistable heterogeneous chemical reacti¢Bg Assume for simplicity that none of the functiorisand
radiative condensations in optically thin plasn@gl(], eto. K nor their derivatives introduce any small or large param-
In spite of their simplicity, these systems can have quite a&ters, and that all characteristic domain sizes are much larger
rich dynamics, as they cannot be reduced, in general, to than the width of the interphase bound#wmhich is of order
gradient flow. The most transparent evidence for this nonvaunity). Let there exist a special value of the inhibitor,
riational behavior is the limit-cycle-type domain dynamics p=p, , for which the area rule,
that were experimentally observed and theoretically inter-
preted in recent yeaf$,11]. Also, it has been found recently f

. . . uz(p)
[5] that, under quite general conditions, the dynamics of a f(u,p)du=0, 3)
large number of simple domailt$spots”), as described by a
general globally constrained reaction-diffusion equation
(GCRDB with bistability, can be mapped into a mean-field holds. Forp=p, , a planar interface, separating the regions
model of Ostwald ripeningOR) [12—14. In contrast to the  of the phase 1 and phasgWith the order parameter values
“conventional” mean-field models of OR, this particular U, = U, Ap,)], would be in equilibrium(see, e.g.[1,2]).
model is “almost exact,” as it does not require a small vol-\whenp deviates fromp, and/or the interface is curved, the
ume or area fractiof5]. In this paper we report on another gomains will either shrink or expand. We assume that the
interesting property of the GCRDE with bistability: topologi- glopally constrained two-phase coexistence is stable with re-
callsingularities that develop ip npn—sin_gle—connected dogpect to the fast mode instabilif$,11] (which, when it de-
mains (spots of one phase with inclusions of the otheryg|gps, typically has a growth rate of order unit¥he cor-

uy(p)

phasg. _ _ - _ responding condition (so-called Elmer's inequaliti¢s
Consider a reaction-diffusion equation for a scalar Orde'imposes certain limitations on the functiofisand K and
parameteu(r,t) in a scaled form: their partial derivatives with respect toand p.

Let n be the normal to the interface directed from phase 1
Ju to phase 2. Théslowly time-varying normal interface speed
E:V2u+f(u,p). (1)  is given by

=— - 4
Here p(t) is an additional, “global” parametefinhibitor). Ca(t) 9op() —K(Y), @

In the case of bistability, the functiof(u,p) has, at fixed o _ _
p, three zerosp;(p)<uy(p)<U,(p), such thatof/gu<0  Where the inhibitor mismatciip=p—p, is assumed to be
for u=u,, (locally stable phases 1 and and >0 for small, andg is a numerical factor of order unity that can be
u=u, (unstable phage The dynamics of the inhibitor is Calculated analytically once the functidifu,p) is known
governed by a global constraint, [1]. In addition,X is the (small) local curvature of the inter-
face, defined to be positive if the interface is convex towards
phase 2 and negative otherwise.
K[u(r,t),p(t)]dr=const . 2 The dynamics of a small inhibitor mismatafp is gov-
fa [u(r,t),p(t)] @ erned by the following relatioh5]:
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dép (K)\ gA[K(Up,p, ) —K(Uq,p,)] where we have omitted all tildes. Equatio(®—(11) have
T —< —) dK dK , (5 the following first integral:
S, —| +
1dp* 1 Szdp* 2 N
P—— E =C=const . (12)
where S;, are the total areas of phases 1 and 2 =

(S;+S,=9), A is the total length of the interfaces between

the two phaseg,) means averaging over all interfaces, and N what follows we consider the dynamics of a spot with
a single inclusion of a radius. In this case, instead dfl

dK IK oK du; , equationg10), we have a single equation
dp* 1,2 9Py u=U,, u u=Ul'2dp* . ] 1
r=pP--, (13
The sharp-interface equatiof®) and (5) were employed r

in Ref.[5] to solve analytically a number of model problems
of stability of and competition between single-connected do
mains. In the following we shall use both the sharp-interface

Equation(11) becomes

equations and the full system of Eq4) and (2) to analyze P=—P(R+r), (14)
the dynamics of non-single-connected domains. We shall see
that these dynamics look quite different. while the first integral12) takes the form

Consider a single circular spot of, say, phase 1 with
oirc_u!ar ioclu;ions of pho_se 2. The.circula_r—interface model is p— E(Rz_ r2)=C=const. (15)
justified in view of stability of a circular interface with re- 2

spect to azimuthal deformatio§]. Let the spot radius be
R, and the inclusion radii be,<R, i=1,2,... ,N. Assume The inclusion of phase 2 is, in general, nonconcentric with
that 8p is sufficiently small, and all;>1, so that we can use the spot, and we shall denote the scaled eccentritity
the sharp-interface equatiortd) and (5). We immediately intercenter distance between the spot and the inclusiott
arrive at the following set of ordinary differential equations: is seen from Eqs(9) and (13) that a non-single-connected
domain cannot be in equilibrium. Furthermore, topological
singularity always develops in a finite time. The first type of
R=-gdp— 3. ®  singularity corresponds to the inclusion shrinking to zero,
r—0. The second one can be called reconnection, and it
1 occurs when the difference of the raBi-r becomes equal
=gop—, 1=12...N (1) to the(invariable eccentricityd. In both cases, the domain
' becomes single connected after singularity.
To clarify the matter, let us start with the simplest case of
+e(N—-1), (8) P(t=0)=Py,=0 (that corresponds to the area-rule value
p=p,), when a simple analytic solution of Eq®), (13),
and(14) is available. It follows from Eq(14) thatP remains
zero for allt>0, and Egs.(9) and (13) are immediately
27[K(Uy,p, ) —K(Ug.p,)] solved. Both the spot radiuR and the inclusion radius

, decrease with time, and the inclusion radius reaches zero
S(dK/dp, )|, first:

and we have assumed for simplicity thaR?<S. Notice
that the averaged curvatu¢&’) vanishes and does not con-
tribute to EqQ.(8) in the case oN=1 (a single inclusion
Particular forms of function$ andK enter Eqs(6)—(8) only
through the factorg and e. Furthermore, these factors can
be eliminated altogether if we introduce scaled variables,
R=(eg) "R, T=(€g)¥*, and P=¢ Y3g¥3sp, and scaled
time t=(eg)?*. As the result, the governing equations take[whereRo R(t=0)]. For t>t, Eqs.(13) and (14) are not

a universal form: applicable anymore. As topology changes and the spot be-
_ 1 comes single connected, one should again employ&do
R=-P-5 (9  get a new equation foP. In the same scaled variables, this
equation is the following:

Sp=—e€gdp| R

R+ 2

where

€=

r(t)=ro(1—t/ty)*?

Wheretszrélz is the shrinkage time, ang=r(t=0). Up to
the shrinkage timé;, the spot radiuRk behaves like

R(t)=Rg[1—2t/R3]"?

1 .
=P-—, i=12,... N (10 P=-PR-1, (16)

which, combined with Eq(9), determines the further evolu-
rl+N=1 (12) tion of the single-connected spf#]. The first integral be-
' ’ comes simply
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R2 which, combined withRy—ry—d>0, leads toPy>1/r,.
P— 7=const (17)  This means that(t) increases monotonically, so that recon-
nection is inevitable(remember thalR+r decreases with

and the problem is integrable. DependingRy the remnant ~ fiMe)-

spot either shrinks to zero or approaches a stable equilibrium ©n€ might think of another possibility: there might be a
with a finite value ofR. moment of timet, for which r(t) reaches its maximum

Now let us consider a nonzem,. It follows from Eq. valuer* before rec_onnection. In fact, this possipility dt_)es
(14) that |P| decreases with time, while the sign Bfdoes not exist: reconnection occurs befai@) can reach its maxi-
not change. It is easy to see thatP§ is negative, the inclu- Mum. Indeed, a maximum for(t) would mean that
sion always shrinks to zero. Indeed,remains negative for P« =1/, att=t, [see Eq.(13)]. Obviously, in this case
all t [see Eq.(14)], and the right-hand side of EGL3) is 1k, must.be less than 4. On the other hand, if there is no
always negative and larger by the absolute value than thEconnection, theR, —r, —d>0 and we have
right hand side of Eq(9). The shrinkage to zero always 1 1 1
develops in a finite timets (which, for the sameRy, is —=P,=C+ (R, %-r,%)>C+ =zd(R, +r,)>C
smaller than its value foP=0). Near the singularity, the M 2 2
— 1/ term in Eq.(13) dominates, so that the leading term in 1 1
the asymptotics of (t) neart=tg is [2(t—t)]*2 At t=tq, + =d(2r, +d)>C+ =d(2ro+d)
the spot becomes single connected, and its further evolution 2 2
proceeds according to the sharp-interface equati@n$16), 1
and(17). =C—-Cy+ —.

The case of a positive, is more complicated, as singu- fo
larities of both types are possible, depending, in addition, o
the eccentrlcny_d.and on th? initial values of _the radil. We assumption. Therefor€>C, indeed represents a sufficient
found two sufficient conditions, one for shrinkage to zero - ;

d one for reconnection, in terms of the value of the firstCondltlon for reconnection. T -
an - : a We can reformulate these two criteria in the following
integral C. [see Eq.(15)]. First, if Q<C1——(1/2)d(R_O way. Introduce
+ry), shrinkage always occurs. This can be proved in the
following way. Introduce the reconnection parameter 1
n=R—r—d=0, so thaty=0 corresponds to reconnection. P1=E(R0+r0)(R0—r0—d) (18
The first integral(15) can be rewritten as

"SinceCc> C,, we arrive at I, > 1/r 5, which contradicts our

1 and
C=P-— E(d+ 7)(R+r).

1 1
P2:r_+E(Ro+ro+d)(R0_r0_d). (19)
For P>0 andC<C, the double inequality 0

1 Obviously, 0<P;<P,. Then shrinkage to zero always oc-

— Z(d+ 7)(R+1)<C<C; curs for Po<P,, while reconnection always occurs for

2 Po>P,. Our numerical simulations with the sharp-interface
equations(9), (13), and (14) show that a critical valud®.

holds. It follows that exists somewhere betwed?, and P,, so that inequality
Po<P. (Po>P,) represents the necessary and sufficient
(R+r)p>d[Ro+ro—(R+r1)]. condition for shrinkage to zer@reconnection

) o Close to a singularity, the sharp-interface theory breaks
Now, the sum of the radiR+r, always decreases intini#¢  gown, Therefore we performed numerical simulations with

can be checked by adding up E¢8).and(13)]; therefore the  the full model equationél) and (2). For the simulations we
right hand side of the last inequality is positive for all oose

t>0. It follows thatn remains positive, and no reconnection

is possible, which means shrinkage to zero. 1
On the other hand, i€>C,, where f(u,p)= —(U—l)(U— 6)(11—3) (20
C _1 d@ro+d) and K(u,p)=up. Then Eq.(2) yields an explicit equation
271 2 ’ for p(t):
then reconnection always occurs. To prove it, we first prove Jou(r,0)dr
that C>C, implies P> 1/r, so thatr (t) increases in time p(t)=p(0) Tou(r,Hdr’ (21
(at least, initially. Indeed, the inequalit>C, can be re-
written as Also, for this choice of f and K one obtains p,

=1/2,9=4/2, and e=27/3S. One can check that the
Elmer inequalitieg11,5] are satisfied in this case, so that the

1 1
L T(R2_2_ 42
PO>r0 * Z(RO fo=2dro—d%), fast mode instability is suppressed. In addition, the theory of
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FIG. 1. Simulation results for the time evolution of the field
u(x,y) in the case of the inclusion shrinking to zero. The box size
is 100< 100, the number of grid points is 28257. The initial
values of the spot and inclusion radii and eccentricity are 25, 15,

and 3, respectively, whilgp(0)=0.5. Snapshots, b, ¢, andd
correspond td=0, 105, 109, and 400, respectively.

Ref. [5] predicts stability of a planar interface, so that the
long-time dynamics is affected by the interface curvature.
For the simulations we used a technique described in the

Appendix. Typical simulation results are shown in Figs. 1-4.  FiG. 3. Simulation results for the time evolution of the field
The initial conditions represented a non-single-connected dqy(x,y) in the case of reconnection. The box size and grid are the
main with a single inclusion and nonconcentric circularsame as in Fig. 1. The initial values of the spot and inclusion radii
boundaries. Figures 1 and 2 refer to the case o0O&nd eccentricity are 35, 8, and 17, respectively, whi{8)=0.6.
p(0)=p, =0.5 (area-rule value In this case the sharp- Snapshots, b, c, d, e, andf correspond ta=0, 11.5, 13.5, 25, 95,
interface theory predicts shrinkage of the inclusion to zeraand 350, respectively.

under a constanp, followed by the evolution of the single-

connected remnant domain according to E4$) and(17).  The small peak near the shrinkage time is not described by
Figure 1 shows the evolution of thefield and indeed dem- the sharp-interface theory, which becomes inapplicable here.
onstrates shrinkage of the inclusion to zero. In Fig. 2 areAfter the shrinkage, there is only a single-connected circular
shown theoretical and numerical results fi(t). Until the  spot left. The solution of the sharp-interface equatitt®y
shrinkage timep remains very close to 0.5, as predicted.and (17) (dashed curveis in a good agreement with the

0505 ' 062
0500 0.58
Q. 0495 Q. 054
0490 050
04854 100 2(t>o 300 400 % 100 ¢ 200 800

FIG. 2. Graphs ofp versus time in the case of the inclusion FIG. 4. Graphs op versus time in the case of reconnection. The
shrinking to zero. The solid line represents the result of simulationsolid line represents the result of simulations shown in Fig. 3. The
shown in Fig. 1. The dashed line is the prediction of the sharp-dashed line is the prediction of the sharp-interface theory until the
interface theory. time of reconnection.
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simulation resultgsolid curve, as the spot is approaching a (Vu),=0. Theu field on the grid is transformed into the
stable equilibrium. Fourier space, so that the partial differential equatibrfor
Figure 3 shows the evolution of thefield for a different  y(x,y,t) is replaced by a set of ordinary differential equa-
initial condition for p which correspondgaccording to our tjons for its Fourier harmonica, | :
sufficient conditionP,> P,) to reconnection. Figure 3 dem- “
onstrates that reconnection indeed occurs, and it is followed
by symmetrization of the spot and relaxation to a stable
circular-spot equilibrium. Figure 4 shows the corresponding

nutme_rlitr:]al(fr?lid "T.e) ?nd theoreticaﬂdatshic]i ””ﬁf“t_rves f]?rE where we have separated the time-independent part of the
p(t). The theoretica curve represents the solulion of EQSynqa, term of the polynomialf(u,p) [see Eg. (20)]:
(9), (13), and(14), and it describes the dynamics very well f(u,p)= —3u+w(u,p)

until the time of reconnection. After the reconnection the The solution of Eq(A1) on the interval {;t+ At) can be
remnant spot boundary is not circular anymore, and th?ormally written as ’
sharp-interface equations are insufficient for describing the
dynamics (until the spot shape becomes close to circular 5 o
again. Uy, (t+ A =g~ iy rot

Possible experiments on the topological singularities in-
clude the systems the reduced dynamics of which are de- o 2 oo
scribable by the GCRDE. Schimansky-Gegral. [3] give ><ka,ky(t’)e(kx*"y”)(t Y
examples of thermokinetic systems with bistable behavior of
concentratiom, inhibited by temperatur@ (like magnetic For smallAt we can rewrite it in the trapezoid approxima-
superconductors, where first-order phase transition to the fef-_ .
romagnetic phase at low temperatures destroys superconduc- -
tivity). If the temperature variabl€ is fast, it becomes en- L
slaved by the concentration. It turns out that the relation ukx,ky(t+At)=e
betweenT and n in this situation is nonlocal3], which
represents a particular case of global constrédnt At

In summary, we have employed the sharp-interface equa- o Wi, Kk, (THAD). (A2)
tions to study the dynamics of two-dimensional non-single-
connected domains in a nonvariational GCRDE. We havg et ys define a new function=u— (At/2)w. Then the im-
found and analyzed analytically and numerically the topo-jicit scheme(A2) takes the form
logical singularities developing in domains with a single in-
clusion. The sharp-interface theory correctly predicts the v_k(t+At)=e‘("5+k§+3)“[2u_k(t)—v_k(t)]. (A3)
type of singularity(shrinkage of the inclusion to zero, or
reconnectionp and gives a complete description of the dy- Therefore, in order to findi(t+At), one has to calculate
namics until the time of singularity. In the case of shrinkagey(t) andv (t) [the Fourier transforms af(t) andv(t), re-
to zero, the sharp-interface theory describes essentially thghectively, then calculate (t+ At) using Eq.(A3), return to
whole dynamics, including the relaxation of the single-the real space, and finally fing(t+ At) as a solution of the

&ukx'ky

ot

== (KEHkg+ 3y FWi (A

t+At

u_kx,ky<t)+ft dt’

2,2
—(KG+K2+3)At

_ At
Uk, ke, () 5 Wi, i (1)

connected remnant spot to a stable equilibrium. following algebraic equation:
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By virtue of the small value ofAt, we are interested in the
root for which a relatioru=uv + O(At) holds. Since EqtA4)

The simulations with the systefi), (21) were performed is a cubic equation, this root can be found explicitly. The
in the following way. Equatior{l) was solved using an im- Fourier transformations were performed by a real cos-FFT
plicit pseudospectral approach. Consider a square box on (fast Fourier transforgroutine in view of the no-flux bound-
two-dimensional square grid, with thefield defined at the ary conditions, whilep(t) was advanced according to a dis-
sites of the grid. We chose the no-flux boundary conditioncretized version of Eq21).
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